Abstract. In this study, we propose a compact shape descriptor, which represents the 2-D shape information by 1-D functions. For this purpose a two-step method is proposed. In the first step, the 2-D shape information is mapped into 1-D moment functions without using a predefined resolution. The mapping is based on the beams, which are originated from a boundary point, connecting that point with the rest of the points on the boundary. At each point, the angle between a pair of beams is taken as a random variable to define the statistics of the topological structure of the boundary. The second order statistics of all the beam angles is used to construct 1-D Beam Angle Statistics (BAS) functions. In the second step, the 1-D functions are further compressed by using Discrete Fourier Transforms applied on the BAS functions of the shape boundary. BAS function is invariant to translation, rotation and scale. It is insensitive to distortions. Experiments are done on the dataset of MPEG 7 Core Experiments Shape-1. It is observed that proposed shape descriptor outperforms the popular MPEG 7 shape descriptors.
Introduction
Shape descriptors are important tools in content-based image retrieval systems, which allow searching and browsing images in a database with respect to the shape information. The goal of the shape descriptors is to uniquely characterize the object shape, in a large image database with large within-class-variances and small between-classvariances. A vigorous shape descriptor should be invariant under affine transform and insensitive to noise. It should contain sufficient information to resolve distinct images and compact enough to ignore the redundancies in the shapes. Additionally, it should give results consistent to human visual system.
The shape description methods can be divided into three main categories; contour based [11] , [8] , [4] , image based [7] and skeleton based descriptors [9] . In the Core Experiment CE-Shape-1 for the MPEG-7 standard, the performance of above referenced shape descriptors are evaluated. Among them, the descriptors proposed in [11] and [8] outperform the others in most of the experiments. In [11] , the scale space approach is applied to shape boundary. The simplified contours are obtained by the scale-space curve evolution, based on contour smoothing with a Gauss function. The scale space image of the curvature function is then used as hierarchical shape descriptor. In [8] , the scale of shapes are reduced by a process of curve evolution and represented in tangent space. To compute the similarity measure, the best possible correspondence of visual parts is established. Unfortunately, the techniques mentioned above rely on the threshold values corresponding to the resolution of the shape representation, which depends on the level of the smoothness of the images in the database. The methods have, also, limited performance under noise.
The motivation of this paper is to find a compact representation of the twodimensional shape information without a predefined resolution scale. For this purpose a two-step method is proposed. In the first step, a mapping, which transforms the 2-D shape information into a set of 1-D functions, is formed. This mapping is consistent with the human visual system, preserving all the convexities and concavities of the shape. In the second step the 1-D function is further compressed by using Discrete Fourier Transforms.
The proposed descriptor is based on the beams, which are the lines connecting a point with the rest of the points on the boundary. The characteristics of each boundary point can be extracted by using the beams. The angle between each pair of beams is taken as the random variable at each point on the boundary. Then, the moment theorem provides the statistical information, which is used to obtain the desired 1-D Beam Angle Statistics (BAS) functions, where the valleys and hills of the first moment correspond to concavities and convexities of the object shape. After the representation of 2-D shape boundary as a set of 1-D BAS functions, further compression is realized by using the Spectral Coefficients of the functions.
The main contribution of this study is to eliminate the use of a heuristic rule or empirical threshold value in representation of shape boundaries in a predefined resolution scale. The proposed method also gives globally discriminative features to each boundary point by using all other boundary points. Another advantage of this representation is its consistency with human perception through preserving the concave and convex parts of the shapes. It provides a compact representation of shapes, which is insensitive to noise and affine transform. It is invariant to size, orientation and position of the object.
Mapping 2-D shape information into a set of 1-D Functions
Curvature function is a popular 1-D representation of 2-D shape information and has been an inspiration of many studies related to shape analysis [10] , [5] . The curvature function can be computed as the derivative of the contour's slope function. In a discrete grid, this can be performed by K-slope method. K-slope at a boundary point is defined as the slope of a line connecting that point with its K th right neighbor. Then, the K-curvature at a boundary point is defined as the difference between the K-slope at that pixel and the K-slope of its K th left neighbor.
The K-curvature function may be exploited to form an appropriate shape descriptor, if one could identify an optimal value for the parameter K, which extracts the concavities and convexities of the shape at a predefined scale settled by K. At this point, we need a rigorous technique to identify the scale parameter K, which discriminates a wide range of shapes in large image databases. In [1] , the curvature function is obtained by using a fixed K value and then it is filtered in order to stress the main features. Another study [12] uses an adaptive K value by changing it according to the distance between relevant points. However, choosing a single K value cannot capture the exact curvature information for all varieties of shapes in a large database. Note that the plots for small K capture fine details. By increasing K, it is possible to plot fine to curse representation of a closed boundary as a onedimensional function. Examining these figures shows that each peak and valley of the curvature function plot corresponds to a convexity, and a concavity of the shape. For this particular example, the shape information is preserved in the peaks corresponding to the head, tail and fins. The remaining peaks and valleys of the curvature plot are rather redundant details that result from the noise in the shape, leading mismatches in the image database. Therefore, one needs to select an appropriate K to avoid this redundant information. Selection of K defines the amount of smoothing of the shape and highly depends on the context of the image. If K smoothes the ripples corresponding to some context information, this will result in important information loss.
On the other hand, if the ripples correspond to noise, keeping them will increase the number of convexities and concavities, which may carry superfluous shape information. As a result, the problem of selecting a generic K, which resolves the necessary and sufficient information for all the images, has practically no solution, due to the diversity of the shape context in large databases.
The above discussion leads us to somehow find a representation, which employs the information in K-curvature function for all values of K. Superposition of the plots of K-curvature function for all K, yields impractically large data with no formal way of representation, as indicated in figure 1.e.
In this study, we attack this problem by modeling the shape as the outcomes of a stochastic process, which is generated by the same source at different scales. In this model, Figure 1 .e shows the possible outcomes of the shape curvature plot, which generates the fish shape. At a given boundary point p(i), the value of K-curvature function is assumed to be a function of a random variable K and may take one of the 1-D function indicated in the figure, depending on the values of K. Therefore, Kcurvature function for each K, can be considered as the output of a stochastic process. 
where N is the number of boundary points and p(i) = p(i+N). For each point p(i), the beams of p(i) is defined as the set of vectors;
where V i+j and V i-j are the forward and backward vectors connecting p(i) with the points, p(i+j) and p(i-j) in the boundary, for j=1,…N/2 . Figure 2 indicates the beams and beam angle at point p(i), respectively. The slope of each beam , V i+K is then calculated as, ( )
Note that, beam angle for a fixed K is nothing but the K-curvature function (which takes values between 0 and 2π). Now, for each boundary point p(i) of the curve Γ, the beam angle C K (i) can be taken as a random variable with the probability density function P K (C K (i)) and C K (i) vs. i plot for each K becomes an outcome of the stochastic process which generates the shape at different scales. Therefore, Beam Angle Statistics (BAS), may provide a stochastic representation for a shape descriptor. For this purpose, m th moment of the random variable C K (i) is defined as follows:
In the above formula E indicates the expected value operator and P K (C K (i)) is the probability density function of C K (i). Note that the maximum value of K is N/2, where N represents the total number of boundary points. Note also that, the value of C K (i) approaches to 0 as K approaches to N/2. During the implementations, P K (C K (i)) is approximated by the histogram of C K (i) at each point p(i).
The moments describe the statistical behavior of the beam angle at the boundary point p(i). Each boundary point is, then, represented by a vector whose components are the moments of the beam angles:
The shape boundary is finally represented by plotting the moments of C K (i)'s for all the boundary points. In the proposed representation, the first moment Γ 1 (i) preserves the most significant information of the object. Figure 3 , indicates the first three moments of boundary points for the sample shape of figure 1.a. For this particular example, it should be noted that the first moment suffice to represent the convexities and concavities of the shape. The second moment Γ 2 (i) increases the discriminative power of the representation. The third moment Γ 3 (i) on the other hand, does not bring any additional significant information to the representation. The order of the statistics naturally depends on the characteristics of the probability density function, P K (C K (i)). Central limit theorem provides us a strong theoretical basis to assume Gaussian distribution for each point p(i) for large N. This implies that second order statistics is sufficient for representing most of the shape information provided that we have enough samples on shape boundary. The details of BAS function, explained above, can be found in [2] .
Compression of BAS functions
After mapping 2-D shape information into the 1-D BAS functions, the next step is to construct a compact feature vector, which retains the information in the BAS functions. For this purpose, two different approaches are proposed. In the first approach, Fourier descriptors are used as the entries of feature vector. The second approach identifies the Nyquist rate for the overall image database in frequency domain and performs sampling on 1-D BAS functions in the space domain.
Fourier Descriptors
Fourier Descriptors (FD) are commonly used technique for characterizing the shape boundary. Basic advantages of FD method in addition to the well-established theory of Fourier Transformations, include the ability to characterize a shape boundary with a small size descriptors. Besides, FDs are easy to derive and achieve good representation. T is taken as a variable in the experiments and used to identify the Nyquist rate. Finally, the feature vector for a given BAS function is formed as follows:
The shape boundary is then represented by concatenating F (m) 's for each BAS functions, Γ
(i) and Γ

(i).
The similarity between two shapes is measured by Euclidean distance between features [F (1) ,…, F (M) ] extracted from the BAS moment functions.
Sampling By Fourier Transformation
The easiest method for feature extraction from BAS functions is to perform sampling with equal distance. However, there is a trade off between the sampling rate and the accuracy of the representation. As the sampling rate decreases, the method loses information about the visual parts (convexities and concavities). In order to find an optimal sampling rate, Fourier analysis is utilized in this study.
The feature extraction is performed in two steps. In the first step, the Fourier Transform of the BAS functions Γ m (i), are calculated. In the second step, Inverse Fourier transformation of the first T coefficients is calculated. In other words, low-pass filter on the frequency domain is performed. T is taken as variable during the experiments to find the optimal rate for the images in the database.
The similarity between the features is measured by Optimal Correspondent Subsequence (OCS) algorithm [13] . The objective in similarity measurement is to minimize the distance between two vectors by allowing deformations. This is achieved by first solving the correspondence problem between items in feature vectors and then computing the distance as a sum of matching errors between corresponding items. Dynamic programming technique is employed for minimizing the total distance between corresponding items by building a minimum distance table, which accumulates the information of correspondence.
Experiments
The performance of the BAS descriptor is tested in the data set of MPEG 7 Core Experiments Shape-1 Part B, which is the main part of the Core Experiments. The total number of images in the database is 1400. There are 70 classes of various shapes, with 20 images in each class. Each image is used as query and the number of similar images, which belong to the same class, was counted in the top 40 matches. Since the maximum number of correct matches for a single query image is 20, the total number of correct matches is 28000.
In the first set of experiments the BAS descriptor is compared with the popular descriptors of MPEG7. For this purpose, the boundaries of objects are mapped into mean and variance BAS functions. Then, 100 points from each BAS function with equal distances are used as the feature vector. C i values between 0 and 2π for the boundary points are taken as it is. Then, elastic matching algorithm is employed for similarity measurement. The proposed descriptor correctly matches 81.4% of the images. In Table 1 , the comparison of the BAS function with the recently reported results of [3] (Shape Context), [8] (Tangent Space), [11] (Curvature Scale Space), [7] (Zernika Moments), [4] (Wavelet) and [9] (Directed Acyclic Graph) is provided. As it is seen from the table, the proposed descriptor performs better then the bestperformance descriptors available in the literature, for the data set of MPEG CE Shape-1 part B. Using the row BAS functions as the shape descriptor is computationally expensive because of the dimension of the feature space and the complexity of the elastic matching algorithm. The first step is to further compress the size of feature vector to a "reasonable" dimension. At this point, Fourier theorems provide us convenient tools to represent the BAS functions in a more compact form. In the second set of experiments, the Fourier transform of BAS functions are used to find an optimal sampling rate. In the transform domain the Fourier spectrum is truncated after the T coefficients. The descriptor is, then, defined by using the T components of the inverse transform. It is observed that, for T › 64, no further improvement is achieved. The reason for this, is depicted in figure 4 , where the power spectrum of BAS mean function extracted from a sample image is plotted. The plot shows the rapid decay of the spectral coefficients which becomes zero after n=60. Table 2 indicates the results of using inverse Fourier transform as a shape descriptor for various T values. Note that even for T = 32 the descriptor yields better results than the other MPEG-7 descriptors reported in the literature. Finally, in order to avoid the complexity of elastic matching algorithm, the Fourier descriptors of BAS function are used and the similarity is simply measured by the Euclidean distance. This approach is indeed very fast and simple with the considerable tradeoff in the retrieval rate as indicated in Table 3 . The decrease in the retrieval rates is expected due to the loss of the phase information. However, when compared to the available FD methods, it is observed that the BAS function FD's outperforms the centroid distance function FD`s, which is reported as the best FD method in [6] . Note that the BAS FD`s give considerably better results even only the first order BAS is used. 
Conclusion
This study introduces a compact shape descriptor for identifying the similar objects in an image database. The two-dimensional object silhouettes are represented by onedimensional BAS moment functions, which capture the perceptual information using the statistics of the beam angles of individual points. The BAS functions avoid smoothing and preserve the available information in the shape. It also avoids the selection of a threshold value to represent the resolution of the boundary, thus eliminates the context-dependency of the representation to the data set. Therefore, rather than using a single representation of the boundary, at a predefined scale, the BAS functions gather the information at all scales. It gives globally discriminative features to each boundary point by using all other boundary points. It is consistent with human perception through preserving the concave and convex parts of the shapes. The computational cost of BAS fuction is reduced by using the Discrete Fourier Transforms.
